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ABSTRACT

The process of magnification of digitized pictures is
analyzed and three different methods are described. All depend
upon interpolation. One does the interpolation in both dimen-
sions on a digital computer. Another uses the computer for
interpolation in the vertical direction and analog filters 1in
the horizontal direction. Finally, and most interesting, an
all analog system is proposed using a laser optical system.
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supiecT: Digital Interpolation and DATE: June 25, 1968
Magnification of Pictures -
Case 101 FROM: H, A. Helm
TM-68-1033-4

TECHNICAL MEMORANDUM

INTRODUCTION

The pictures from the Lunar Orbiter exist as analog
video recordings and as two-dimensional arrays of numbers each
of which represents the brightness of the original scene at
that point or sample. This memorandum will be concerned only
with the latter form of video data. These points are sufficiently
close together so that when they are reconverted to brightness
in a digital to video converter a visually satisfactory recon-
struction of the scene 1s obtained. If, however, it is desired
to magnify a subarea of the picture there are two choices.
First, one can take the smaller set of points covering the
desired area and display these over the original area. This
results in an extreme granularity for larger magnifications
which is unsatisfactory. Second, one can photograph the con-
verter tube and enlarge the resulting negative. Characteristically,
this is done with 35 mm film but this second photography intro-
duces noise. A typical 35 mm negative of an original scene will,
with nominal care in processing, give a good 8 x 10 print. Any
print larger will show definite grain. Thus, the original scene
is processed quite satisfactorily but optical enlargement intro-
duces appreciable additional noise into the system. For this
reason, the first method is considered in this memorandum with
the additional feature that interpolation is done between the
points of scene to be magnified. This interpolation is done in
such a way that no information present in the original sampled
input is lost. Three methods can be used to implement the inter-
polation: all digital; digital in the vertical direction and
analog across a scan line; all analog using laser techniques.
These methods are covered in detail below.

REVIEW OF THEORY

The interpolation algorithm is an extension to two-
dimensions of Shannon's sampling theorem. The basic application
of Fourier analysis to photographic processes is reviewed in
TM-67-1033-3, A Digital Filter Method for the Improvement of
Photographic Resolution, by L. D. Nelson. The extension to
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two dimensions of Shannon's sampling theorem has been done
by Cheng [1]. Some of his results are repeated below for
convenience and continulty.

The Fourier transform of a picture function p(x,y)
representing the brightness of some scenes as a function of
the orthogonal coordinates x,y is:

- I

i2n(ux+vy)

P(u,v) = | p(x,y)e dx dx (1)

f :
s 4

R

where u,v are the spatial frequencies of the scene commonly
given in cycles/millimeter and R is the region over which

the scene is defined. In the rigorous theory R is infinite,
but in any real scene sharply limited. Practically, this
difference leads to '"edge effects" which are generally ignored.
The inverse Fourier Transform is:

U irV
p(x,y) = ( i P(u,v)e

J—U J—V

—i2n(xu+yv)du av (2)

The finite spatial frequency limits in (2) represent the same
approximation to the physical system that an ideal bandpass
filter characteristic does to a physically realizable network.

Equations (1) and (2) define a spectral theory for
optical systems. Following Cheng, we desire to express p(x,y)
in a Fourier expansion:

p(x,y) = C,. ¢.. (x,y) (3)

where the ¢i. are some orthonormal functions and:

Cij = J - p(x,y) 2 5 (x,y) dx dy (4)
R v
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We desire to pick the ¢'s so that the Cij's are as easy to
compute as possible. 1In fact, we want Cij to be value of the

scene at some particular point (Xi’yj)' Thus,

p(xi,yj) = p(x,y) ¢ij(x,y) dx dy (5)

‘R

The solution to the integral equation (5) is straightforward
and is given by

B sin [K% (x—xi)] sin [Ki,(y_yj)] (6)
33 (x-xi) (y~yj)

5% 3 Ay = 5%»; and B is a normalization constant.

where AX

Obviously, Ax corresponds to the Nyquist interval in the x
direction, Ay in the y direction. If the points (Xi’yj) are

equally spaced in integral multiples of Ax in the x direction
and Ay in the y direction then the {¢ij} are an orthonormal

basis for the picture space.

Ideally, in space applications the sampling points

o T Xp + mAx; m=0, 1, 2, ..., M, Yp = Yo + nd&y;n=20,1, 2

m s eees

would be chosen from a knowledge of the spectral characteristics
of the pictures to be transmitted. Unfortunately, in practice the
two-dimensional bandwidth of the original scene is rarely known and
other considerations usually dictate the cholce of the sampling
interval. However, once the information exists in sampled form
one can only recover those frequencies less than that frequency

U (or V) for which Ax (or Ay) is the Nyquist interval but these
can be recovered completely by means of (6). Thus, for each

point in a given subset of some scene which 1s to be enlarged one
can interpolate as many points as one desires so that the recon-
struction is visually satisfactory. That is the "granularity"

can be made arbitrarily small and enlargement can be made to the
entire limit of the information contained in the sampled picture.

ALL DIGITAL AND DIGITAL-ANALOG INTERPOLATION

Since the brightness of each sample point is encoded as
a digital number, the obvious way to interpolate is on a computer.
A sufficiently accurate approximation to the transcendental equa-
tion (6) is used to compute any desired number of interpolated
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values as shown in Figure I. This is not exactly economical

of computer time since (6) involves two variable approximations.
However, some digital to video converters (such as that at BTL,
Murray Hill) have provision for an analog interpolation along

the horizontal direction. This is accomplished by sweeping the
beam of the CRT horizontally a fixed length of time and bringing
the video samples in at fixed intervals of time determined by the
number of samples per horizontal scan. These samples are read

as binary numbers from a computer tape, converted in a DAC to
voltage and applied through delay lines and networks to intensity
modulate the CRT. The delays and filters have a voltage output

sin[m(x—xi)]
[X—xi]

the horizontal direction the picture shows no granularity due
to sampling. Since, (6) is the product of two such functions
the digital computer needs only to interpolate in the vertical
direction leading to the computation pattern shown in Figure II.
This pattern saves (K) (K+1) (M) (N) + MK interpolations where
K is the number of interpolations within each sample interval
assumed equation the x, and y directions.

which closely approximates a function. Thus, in

ALL ANALOG INTERPOLATION

Consider the laser optical system shown in Figure III.
A transparency of some scene p(x,y) 1s 1lluminated by the
coherent light of the laser at one focal point of lens 1. At
the other focal point the Fourier Transform, P(u,v) will appear [ 3]
which is also at a focal point of lens 2. The image of p(x,y)
will again appear at the second focal point of lens 2. HNow
supposing we use a computer or some other device to derive the
Fourier Transform G(u,v) of a compensating filter g(x,y). If we
make a transparency of it and place it in the Fourier plane of
the system then the image formed, b(x,y), will be the inverse
transform of the product, P(u,v) G(u,v). It is well known, [2],
that this is also the convolution:

b(x,y) = jr p(x,y) g(x-£, y-u) dg du (7)
R

of p(x,y) and g(x,y). What is desired is the transform whose
sin X
X

inverse will give us a type of function in the image plane.

Consider now, an array of discrete sample points in the
scenic plane and assume they are spaced at the Nyquist intervals,

1 1

AX = 35 » Ay = 5V - Let each point be represented by the ampli-

tude of the delta function; Py 6(x-xi, y—yj) (more properly the



BELLCOMM, INC. -5 -

generalized function or distribution). For convenience let Py

Now the two dimensional F.T. of f(x—xi, y-yj) is given [2] by:

F.T

>P(u,v) e 12n(uxi+vyj)

£(x-Xy, y-yj) (8)

Where the region R of (1) is infinite.

Thus,

§ (x=%; 5 ¥-y) _F.T. o i2n(uxg+vyy)

J

In the Fourier plane a rectangular aperture is placed as shown
in Figure IV. Consider first the single point source
G(X—xi, y—yj). Since the aperture in the Fourier plane limits

the frequency response, the inverse F.T. b(x,y) is:
(‘U \Y
1

o ~i2n(xu + yv) i2rr(uxi + vyj) du dv

t ! €
Juu J=v
'
- o 12nuxi 31n[V2n(y-yJ)] au

1 sin[K% (x-xi)] sin[zify—yj)]
2 (x—xi) (y—yj) (9)

which is as desired for a single point source at (xi,yj). For

&

the entire array of point sources each of amplitude Oij’ equation

(7) becomes a finite sum and the output becomes:
o sin[— (x-x,)lsinfl— (y-y.))
b(x,y) = B b AX i Ay 3

- ij (x—xi) (y—yi3 (10)
ij

as desired.

J

1.
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Suppose now that to obtain magnification we increase
the spacing between samples to Ax' = aax and ay' = bAy. then to
maintain our interpolation we must change the aperture in the
Fourier plane to:

gr oo 1 . _1

2Ax! 2aAX

=
o<

This may also be shown more elegantly by the known property of
F.T7.'s for magnification:

F.T

> 1 F(G, )

£(ax,by) aol “‘a’ b

with a simple change of varilable.

CONCLUSION

Three different schemes have been described for the
enlargement of digitized pictures. The method of using a
computer for interpolation in the vertical direction and analog
filters in the horizontal is certainly feasible and the equipment
for this is available. However, the third method is extremely
interesting and offers the possibility of very rapid batch proces-
sing of data. This could be extremely valuable to the space

program.
764?7§4ﬁZvu/’
1033-HAH-1T ’ H. A. Helm
Attachments
References

Figures I - IV
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X Sampled video

o Digitally computed interpolation point

Figure 1

ALL DIGITAL INTERPOLATION
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X Sampled video
o Digitally computed interpolation point

- Analog filter derived interpolation point

Figure 11

ANALOG DIGITAL INTERPOLATION
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